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LOGARITHMIC EQUATIONS (LOGS) 
 
Type 1:  The first type of logarithmic equation has two logs, each having the same base, set equal to each 
other, and you solve by setting the insides (the "arguments") equal to each other. For example: 

 Solve log2(x) = log2(14). 
Since the logarithms on either side of the equation have the same base ("2", in this case), then the only 
way these two logs can be equal is for their arguments to be equal. In other words, the log expressions 
being equal says that the arguments must be equal, so I have: 

x = 14 
And that's the solution: x = 14 

 Solve logb(x2) = logb(2x – 1). 
Since the bases of the logs are the same (the unknown value "b", in this case), then the insides must be 
equal. That is: 

x2 = 2x – 1 
Then I can solve the log equation by solving this quadratic equation: 

x2 – 2x + 1 = 0 
(x – 1)(x – 1) = 0 

Then the solution is x = 1. 
Logarithms cannot have non-positive arguments, but quadratics and other equations can have negative 
solutions. So it is generally a good idea to check the solutions you get for log equations: 

   logb(x2)  =   logb(2x – 1)  
logb([1]2) ?=? logb(2[1] – 1)  
    logb(1) ?=? logb(2 – 1)  
    logb(1)  =   logb(1) 

The value of the base of the log is irrelevant here. Each log has the same base, each log ends up with the same 
argument, and that argument is a positive value, so the solution "checks". 

 Solve logb(x2 – 30) = logb(x). 
Since the logs have the same base, I can set the arguments equal and solve: 

x2 – 30 = x 
x2 – x – 30 = 0 
(x – 6)(x + 5) = 0 
x = 6, – 5 Copyright © Elizabeth Stapel 2002-2011 All Rights Reserved 

Since I cannot have a negative inside a logarithm, the quadratic-equation solution "x = –5" cannot be a 
valid solution to the original logarithmic equation (in particular, this negative value won't work in the 
right-hand side of the original equation). 
The solution is x = 6. 

 Solve 2logb(x) = logb(4) + logb(x – 1). 
All of these logs have the same base, but I can't solve yet, because I don't yet have "log equals log". So 
first I'll have to apply log rules: 

2logb(x) = logb(4) + logb(x – 1) 
logb(x2) = logb((4)(x – 1)) 
logb(x2) = logb(4x – 4) 

Then: 
x2 = 4x – 4 
x2 – 4x + 4 = 0 
(x – 2)(x – 2) = 0 

The solution is x = 2. 
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 Solve ln( ex ) = ln( e3 ) + ln( e5 ). 
Remember the definition of logarithms. Logarithms are powers. Specifically, "logb(a)" is the power 
that, when put on the base "b", gives you "a". In this case, the base of the log is e. The argument of 
"ln( ex )" is "ex". That is, "ln( ex )" is "the power that, when put on e, gives you ex. 
Well, what power do you have to put on e to get ex? Why, x, of course! So ln( ex ) = x. Similarly, ln( e3 ) = 
3 and ln( e5 ) = 5. So the given equation simplifies quite nicely: 

ln( ex ) = ln( e3 ) + ln( e5 ) 
x = 3 + 5 = 8     The solution is x = 8. 

Note: This could also have been solved using log rules: 
ln( ex ) = ln( e3 ) + ln( e5 ) 
ln( ex ) = ln(( e3 )( e5 )) 
ln( ex ) = ln( e3 + 5 ) 
ln( ex ) = ln( e8 ) 

Comparing the arguments: 
ex = e8  
x = 8 

 
Type 2:  The second type of log equation requires the use of The Relationship: 

  y = bx 
   

..............is equivalent to............... 
(means the exact same thing as) 

logb(y) = x  

 
Note that the base in both the exponential form of the equation and the logarithmic form of the equation 
(above) is "b", but that the x and y switch sides when you switch between the two equations. If you can 
remember this — that whatever had been the argument of the log becomes the "equals" and 
whatever had been the "equals" becomes the exponent in the exponential, and vice versa — then you should 
not have too much trouble with solving log equations. 

 Solve log2(x) = 4. 
Since this is "log equals a number", rather than "log equals log", I can solve by using The Relationship: 

log2(x) = 4  
24 = x = 16 = x 

 Solve log2(8) = x. 
I can solve this by converting the logarithmic statement into its equivalent exponential form, using The 
Relationship: 

log2(8) = x  
2 x = 8 

But 8 = 23, so: 
2 x = 23   x = 3 

Note that this could also have been solved by working directly from the definition of a logarithm: What power, 
when put on "2", would give you an 8? The power 3, of course! 
If you wanted to give yourself a lot of work, you could also do this one in your calculator, using the change-of-
base formula: 

log2(8) = ln(8) / ln(2) 
Plug this into your calculator, and you'll get "3" as your answer. While this change-of-base technique is not 
particularly useful in this case, you can see that it does work. (Try it on your calculator, if you haven't already, 
so you're sure you know which keys to punch, and in which order.) You will need this technique in later 
problems. 
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 Solve log2(x) + log2(x – 2) = 3 
I can't do anything yet, because I don't yet have "log equals a number". So I'll need to use log rules to 
combine the two terms on the left-hand side of the equation: 

log2(x) + log2(x – 2) = 3  
log2((x)(x – 2)) = 3  
log2(x2 – 2x) = 3 

Then I'll use The Relationship to convert the log form to the corresponding exponential form, and then 
I'll solve the result: 

log2(x2 – 2x) = 3  
23 = x2 – 2x  
8 = x2 – 2x  
0 = x2 – 2x – 8  
0 = (x – 4)(x + 2)  
x = 4, –2 

But if x = –2, then "log2(x)", from the original logarithmic equation, will have a negative number for its 
argument (as will the term "log2(x – 2)"). Since logs cannot have zero or negative arguments, then the 
solution to the original equation cannot be x = –2.    The solution is x = 4. 

Keep in mind that you can check your answers to any "solving" exercise by plugging those answers back into 
the original equation and checking that the solution "works": 

log2(x) + log2(x – 2) = 3  
log2(4) + log2(4 – 2) ?=? 3  
log2(4) + log2(2) ?=? 3 

Since the power that turns "2" into "4" is 2 and the power that turns "2" into "2" is "1", then we have: 
log2(4) + log2(2) ?=? 3  
log2(22) + log2(21) ?=? 3  
2 + 1 ?=? 3        3 = 3   The solution checks. Copyright ©  

 Solve log2(log2(x))   = 1. 

This may look overly-complicated, but it's just another log equation. To solve this, I'll need to apply The 
Relationship twice: 

log2(log2(x)) = 1  
21 = log2(x)  
2 = log2(x)  
x = 22 = 4     Then the solution is x = 4. 

 Solve log2(x2)  = (log2(x))2. 
First, I'll write out the square on the right-hand side: 

log2(x2) = (log2(x))2  

log2(x2) = (log2(x)) (log2(x)) 
Apply the log rule to move the "squared", from inside the log on the left-hand side of the equation, out 
in front of that log as a multiplier. Then I'll move that term to the right-hand side: 

2log2(x) = [log2(x)] [log2(x)]  
0 = [log2(x)] [log2(x)]  –  2log2(x) 

This may look bad, but it's nothing more than a factoring exercise at this point. So I'll factor, and then 
I'll solve the factors by using The Relationship: 

0 = [log2(x)] [log2(x) – 2]  
log2(x) = 0  or  log2(x) – 2 = 0  
20 = x   or  log2(x) = 2  
1 = x  or  22 = x  
1 = x  or  4 = x   The solution is x = 1, 4. 
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Type 3:  The next level of this type of log equation may require a calculator to solve. An example would be: 
 Solve ln(x) = 3. 

The base of the natural logarithm is the number "e" (with a value of about 2.7). To solve this, I'll use 
The Relationship, and I'll keep in mind that the base is "e": 

   ln(x) = 3  
  e3 = x 

This is a valid solution, and may be all that your books wants for the answer. However, if you need to 
graph this value or if this is the answer to a word problem, then a decimal approximation may be more 
useful. In that case, the answer is x = 20.086, rounded to three decimal places. 

Note that this decimal form is not "better" than "e3"; actually, "e3" is the exact, and therefore the more 
correct, answer. But whereas something like 23 can be simplified to a straight-forward 8, the irrational value 
of e3 can only be approximated in the calculator. Make sure you know how to operate your calculator for 
finding this type of solution. Copyright ©  

 Solve log2(x) = 4.5. 
First I'll convert the log equation to the corresponding exponential form, using The Relationship: 

log2(x) = 4.5  
24.5 = x 

This requires a calculator for finding the approximate decimal value.  
The answer is x = 24.5 = 22.63, rounded to two decimal places. 

Solving this sort of equation usually works this way: You use The Relationship to convert the log equation into 
the corresponding exponential equation, and then you may or may not need to use your calculator to find an 
approximation of the exact form of the answer. 
By the way, when finding approximations with your calculator, don't round as you go along. Instead, do all the 
solving and simplification algebraically; then, at the end, do the decimal approximation as one (possibly long) 
set of commands in the calculator. Round-off error can get really big really fast with logs, and you don't want 
to lose points because you rounded too early and thus too much. 

 Solve log2(3x) = 4.5. 
I'll use The Relationship, followed by some algebra: 

log2(3x) = 4.5  
24.5 = 3x  
(24.5) ÷ 3 = x  
x = 7.54247233266... 

The answer is x = (24.5) / 3, or x = 7.54, rounded to two decimal places. 
If you try to check your solution by plugging "7.54" into the calculator for "x" in the original equation, you will 
get a result that is close to4.5, but not exact. This will be due to round-off error. Keep this round-off-error 
difficulty in mind when checking your solutions; when you plug the decimal into the original equation, just 
make sure that the result is close enough to be reasonable. For instance, to check the solution of the 
equation log2(3x) = 4.5, I'll plug 7.54 in for x: 

log2(3x) = 4.5  
log2(3(7.54)) ?=? 4.5  
log2(22.62) ?=? 4.5  
ln(22.62) ÷ ln(2) ?=? 4.5  
4.49952702422... ?=? 4.5 
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Sample Questions: 
1. If log4x = 3, then x = ? 
64 

 
2. What is the value of log464? 

 
3 
 

3. Which of the following is a value of n that satisfies logn64 = 2? 
a. 4 
b. 6 
c. 8 
d. 12 
e. 32 

C 
 What is the value of log2= 8? 
 

3 
 
4. What is the real value of x in the equation log224 – log23 = log5x? 

125 
 
 

5. If logax = n and logay = p, then loga(xy)2 = ? 
a. np 
b. 2np 
c. 4np 
d. n + p 
e. 2(n + p) 

E 

6. Which of the following ranges of consecutive integers contains the value of the expression log9(9
7

3)? 
a. 0 and 1 
b. 1 and 2 
c. 2 and 3 
d. 5 and 6 
e. 7 and 8 

C 
 
 


